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Abstract

The study of the mechanical behavior of humanmuscle tissues has received increasing attention due to its relevance
in biomechanical and biomedical applications, and is often described by hyperelasticmodels because of its nonlinear
response under mechanical loading. In this context, constitutive modeling requires the definition of an appropriate
strain energy density function; however, there is still no universal model capable of satisfactorily representing all
classes of soft hyperelastic materials, which makes the use of systematic methodologies for parameter identification
and model selection essential. Thus, the present work aims to apply a Bayesian inverse problem approach, through
the Transitional Markov Chain Monte Carlo (TMCMC) method, to determine, based on experimental data from
uniaxial compression tests carried out on a pure hyperelastic material and on a hyperelastic composite reinforced
with unidirectional fibers, which strain energy density models best represent the observed response. The TMCMC
method stands out for providing a robust and efficient exploration of posterior distributions, allowing not only the
estimation of constitutive parameters, but also the quantification of the uncertainties associated with these param-
eters and the probabilistic comparison among competing models through Bayesian evidence. The results highlight
the importance of using methods that explicitly incorporate experimental and inferential uncertainties, since differ-
ent models may present similar fits under an exclusively deterministic analysis.

Keywords
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Resumo

O estudo do comportamento mecânico de tecidos musculares humanos tem recebido crescente atenção devido à sua
relevância em aplicações biomecânicas e biomédicas, sendo frequentemente descrito por modelos hiperelásticos em
razão de sua resposta não linear sob carregamentos mecânicos. Nesse contexto, a modelagem constitutiva requer a
definição de uma função de energia de deformação apropriada; entretanto, ainda não existe um modelo universal
capaz de representar satisfatoriamente todas as classes de materiais hiperelásticos macios, o que torna fundamental
o uso de metodologias sistemáticas para identificação paramétrica e seleção de modelos. Assim, este trabalho tem
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como objetivo aplicar uma abordagemBayesiana de solução de problemas inversos, pormeio dométodo Transitional
MarkovChainMonteCarlo (TMCMC), para determinar, combase emdados experimentais de ensaios de compressão
uniaxial realizados em um material hiperelástico puro e em um compósito hiperelástico reforçado por fibras unidi-
recionais, quais modelos de energia de deformação melhor representam a resposta observada. O método TMCMC
destaca-se por promover uma exploração robusta e eficiente das distribuições posteriores, permitindo não apenas a
estimação dos parâmetros constitutivos, mas também a quantificação das incertezas associadas a esses parâmetros e
a comparação probabilística entremodelos concorrentes pormeio da evidência Bayesiana. Os resultados evidenciam
a importância do uso demétodos que incorporam explicitamente as incertezas experimentais e inferenciais, uma vez
que diferentes modelos podem apresentar ajustes semelhantes sob uma análise exclusivamente determinística.

Palavras-chave
Materiais hiperelásticos ∙ Modelo de energia de deformação ∙ Problema inverso ∙ Transitional Markov Chain
Monte Carlo (TMCMC)

1 Introduction
In recent years, the mechanical behavior of soft biological tissues has been widely studied due to their importance
in essential functions such as movement, body stabilization, and posture changes. Through this study, it is possible
to understand diseases that alter the mechanical behavior of these tissues. One example is osteoarthritis, which
alters the mechanical response of muscle tissues due to repetitive loading [1]. Another example is the compression
characterization of cerebral white matter under varying strain rates [2]. Additionally, it allows understanding the
high compressions experienced by muscle tissues during car accidents or contact sports practice, such as boxing [3].
This understanding contributes to a better comprehension of changes in the mechanical behavior of muscle tissues,
enabling diagnosis at early stages of disease [4].

Due to the difficulty in obtaining biological samples for ethical and bureaucratic reasons, aswell as the complexity
of testing these samples, which are moist and sensitive, the experimental results usually present large discrepancies
[5]. An additional source of variability lies in the nature of thematerial itself, in a synthetic material, the mechanical
properties of each component are individually known, unlike biological tissues, in which the individual mechanical
properties are unknown and difficult to determine. In view of these challenges, the use of synthetic materials to
simulate the mechanical behavior of soft biological tissues becomes attractive. Studies such as those by Moreira and
Nunes [6] and Ruiz et al.[7] have adopted a similar approach.

The study of the mechanical behavior of soft biological tissues can be done using hyperelasticity theory, so the
constitutive equation requires the definition of a scalar function known as strain energy. However, there is no strain
energy model that universally represents these materials [8]. Consequently, many researchers continue to develop
models that can represent this class of materials more satisfactorily. Examples of such models include the Mooney-
Rivlinmodel [9],Merodio andOgden [10], Lopez-Pamies [11], Anssari-Benam [12] and Stumpf [13]. Thus, obtaining
experimental data plays a fundamental role in the development and improvement of these models.

Considering that soft biological tissues are described in the literature according to hyperelasticity theory, and
taking into account the intrinsic characteristics of these tissues, such as the presence of fibers inside them, which
characterizes anisotropic behavior, several studies such as that by Moreira and Nunes [6] have simulated their me-
chanical behavior through a hyperelastic matrix reinforced by a family of parallel fibers. This approach defines the
material as transversely isotropic hyperelastic.

In this context, the present work aims to apply a model class selection technique to experimental results from
compression tests on a silicone rubber and on a composite with the same rubber (matrix) and unidirectional cotton
fibers (reinforcement). The idea is to determine which model best fits the experimental data using a Bayesian ap-
proach. Inverse problem techniques are employed to estimate the material parameters while explicitly accounting
for their associated uncertainties, rather than providing only point estimates [14]. This probabilistic framework al-
lows quantifying the confidence in the identified parameters, which is particularly important for materials with high
variability and experimental dispersion. Moreover, the Transitional Markov Chain Monte Carlo (TMCMC) method
is adopted due to its robustness and efficiency, and because it provides, as a byproduct, an estimate of the model evi-
dence [15, 16]. This feature enables the quantitative comparison of competing strain energymodels and the selection
of the model that most plausibly describes the experimental data.

2 Methodology

2.1 Experimental Procedure
Five prismatic specimens (CP) of vulcanized silicone and five of a composite with the same silicone rubber and
unidirectional cotton fibers were manufactured. For their fabrication, an aluminummold with internal dimensions
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of 128.50 mm length, 12.50 mm width, and 25.70 mm thickness was used, with a glass plate as a base. A layer of
TecGlaze-N carnauba mold release wax was applied on the glass and inside the mold. Then, a cyanoacrylate-based
adhesive was used to fix the mold to the glass.

The fabrication of pure silicone specimens consisted of mixingMoldflex 4-150 RTV silicone rubber andMoldflex
catalyst in a beaker at an approximate ratio of 187(A):1(B). Then, the mixture was poured into the mold. The mold
with the glass base and the liquid silicone inside can be seen in Fig. 1. After 72 hours, the time required for curing, the
samplewas demolded and cut into specimendimensions (27.14mmx12.06mmx26.74mm), considering the average
of the five fabricated specimens. These dimensions were chosen to ensure the same height and cross-sectional area
recommended by ISO 7743:2017 [17].

Figure 1: Mold used for specimen fabrication.

For the fabrication of composites with horizontally oriented cotton fibers (Fig. 2), the same Moldflex 4-150 RTV
silicone rubber and Moldflex catalyst were mixed in a beaker, following the previously described ratio. However, for
composite fabrication, the procedure was repeated several times to completely fill the mold, since the pot life of the
mixture is short, making it difficult to pour due to high viscosity. Then, a layer of silicone rubber was placed inside
the mold, followed by a strip of cotton, and to maintain the pattern, each layer was weighed on a scale. At the end of
the process, the ten stacked cotton fibers corresponded to approximately 11% of the specimen volume fraction. The
cutting process and final sample dimensions followed the same procedure described for pure silicone.

(a) Pure silicone. (b) Composite.

Figure 2: Schematic drawings of the samples.
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Compression tests were conducted using a universal testing machine from Shimadzu (model AG-X plus, Japan).
To measure the applied force during each test stage, a 100 kN load cell coupled to the machine was used.

Displacement fields were determined using the Digital Image Correlation (DIC) method. DIC is a numerical op-
tical method that uses a high-resolution camera to capture images of the sample before and after mechanical loading
[6]. This method presents advantages compared to traditional methods such as strain gauges, since no contact with
the tested sample is required. Moreover, in the study of materials with anisotropic properties, DIC stands out as a
remarkable tool because it allows a global analysis of displacement fields. For image acquisition, a high-resolution
CCD camera (Charge Coupled Device) from Flir (model BFS-U3-32S4M-C Blackfly, USA) with a 13–130mm lens and
an LED light source were used to homogenize illumination and reduce external influences. The experimental setup
is shown in Fig. 3.

Figure 3: Experimental setup used in the compression tests.

The camera remained at a fixed distance from the sample during all tests, so that the pixel-to-millimeter ratio
remained constant for all captured images. The camera focus was adjusted to the central region of the sample, which
was the region of interest. Before each test, a layer of LUB lubricant (Tek Bond brand) was applied to the top of the
sample and the machine base, allowing the specimen to slide during compression. The tests were performed at a
speed of 10 mm/min, as specified by ISO 7743:2017. Additionally, the camera was configured to capture images
every 0.5 seconds. It is important to highlight that all tests were conducted in a laboratory at approximately 23 ºC.

After the tests, the images were stored for later processing in a digital image correlation program, such as the
open-source Python software developed by Deus Filho et al. [18]. Displacement fields were obtained for all tested
samples, and stretches were calculated from them.

2.2 Constitutive Equation for Hyperelastic Material
The constitutive equation for incompressible transversely isotropic hyperelastic materials is described by [19]:

𝐓 = −𝑝𝐈 + 2 [𝜕𝑊
𝜕𝐼1

𝐁 − 𝜕𝑊
𝜕𝐼2

𝐁−1 + 𝜕𝑊
𝜕𝐼4

𝐚 ⊗ 𝐚 + 𝜕𝑊
𝜕𝐼5

(𝐚 ⊗ 𝐁𝐚 + 𝐁𝐚 ⊗ 𝐚)] (1)

where T is the Cauchy stress, B is the Cauchy-Green deformation tensor, I is the identity matrix, 𝑝 is a hydrostatic
pressure related to the incompressibility assumption, a indicates the fiber orientation, and𝑊 is the strain energy.

The principal invariants of the Cauchy-Green deformation tensor are measures that can be applied in represent-
ing the stress state in isotropic materials, and are defined as:

𝐼1 = trB = 𝜆21 + 𝜆22 + 𝜆23 (2)
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𝐼2 =
1
2
[
(trB)2 − tr(B2)

]
= 𝜆21𝜆

2
2 + 𝜆21𝜆

2
3 + 𝜆22𝜆

2
3 (3)

𝐼3 = det(B) = 𝜆21𝜆
2
2𝜆

2
3 (4)

where 𝜆 represents the stretch, defined as the ratio between the current length of the specimen and its initial length.
Considering the incompressible material, the third invariant is assumed to be unity [10]. Therefore, the term

related to 𝐼3 does not appear in Eq. (1).
Due to the presence of fibers inside the material, the pseudo-invariants 𝐼4 and 𝐼5 arise, which are associated with

anisotropic behavior. 𝐼4 represents the influence of fiber stretch as the material is deformed, while 𝐼5 is related to
fiber stretch and shear [6],[20]. Thus:

𝐼4 = a ⋅ a = 𝜆21 cos
2 𝛼 + 𝜆22 sin

2 𝛼 (5)

𝐼5 = F𝑇a ⋅ F𝑇a = 𝜆41 cos
2 𝛼 + 𝜆22 sin

2 𝛼 (6)

where 𝛼 represents the preferred fiber direction angle.

2.3 Strain Energy Models
Several strain energy models available in the literature are capable of representing the mechanical behavior of hy-
perelastic materials. Some are composed of invariants 𝐼1 and 𝐼2, which represent the matrix contribution (isotropic
part), while others are composed of invariants 𝐼4 and 𝐼5, which represent the presence of a fiber family inside the
composite (anisotropic part).

In the present work, six strain energy models were evaluated, three for isotropic hyperelastic materials and three
for transversely isotropic hyperelastic materials.

The Mooney-Rivlin model [9] was formulated as a linear combination of the first two invariants of the Cauchy-
Green deformation tensor

𝑊 = 𝑐1(𝐼1 − 3) + 𝑐2(𝐼2 − 3) (7)

where 𝑐1 and 𝑐2 are material constants determined according to experimental results.
The Lopez-Pamies model [11] aims to be simple but capable of accurately predicting the mechanical behavior of

rubber-like elastic solids

𝑊 = 31−𝜅
2𝜅 𝜇(𝐼𝜅1 − 3𝜅) (8)

where 𝜅 is a material parameter that must be greater than 0.5, and 𝜇 is the shear modulus and must be greater than
0.

The Anssari-Benam model [12], according to the author, aims to be more comprehensive

𝑊 =
3(𝑛 − 1)
2𝑛 𝜈𝑁 [ 1

3𝑁(𝑛 − 1)
(𝐼1 − 3) − ln (

𝐼1 − 3𝑁
3 − 3𝑁 )] (9)

where 𝑛,𝑁 and 𝜈 are material parameters to be defined.
The Alastrué model [21] was proposed to representation soft biological tissues considering both isotropic and

anisotropic contributions. It is important to highlight that, in the model formulation, invariant 𝐼6 is associated with
fiber stretch in two preferred directions; thus, only the terms related to invariants 𝐼1 and 𝐼4 are considered here

𝑊 = 𝐷1[𝐼1 − 3] + 𝐷2[
√
𝐼4 − 1]2 (10)

where 𝐷1 and 𝐷2 are positive constants with units of MPa.
The Feng model [22] was developed to represent a transversely isotropic hyperelastic material

𝑊 =
𝜇
2 [(𝐼1 − 3) + 𝜁(𝐼4 − 1)2 + 𝜑(𝐼5 − 𝐼24)] (11)

where 𝜇 is the shear modulus and 𝜁, 𝜑 are dimensionless parameters.
Finally, Bonet-Burton model [23] was also proposed with the aim of representing a strain energy for transversely

isotropic hyperelastic materials

𝑊 = [𝛽 + 𝛾(𝐼4 − 1)](𝐼4 − 1) −
𝛽
2 (𝐼5 − 1) (12)

where 𝛽 and 𝛾 are material constants with units of MPa.
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Table 1: Isotropic and transversely isotropic strain energy models.

Category Model (Author) Strain Energy (𝑊) Parameters

Isotropic Mooney-Rivlin 𝑊 = 𝑐1(𝐼1 − 3) + 𝑐2(𝐼2 − 3) 𝑐1, 𝑐2

Lopez-Pamies 𝑊 = 31−𝜅

2𝜅
𝜇(𝐼𝜅1 − 3𝜅) 𝜅, 𝜇

Anssari-Benam 𝑊 = 3(𝑛−1)

2𝑛
𝜈𝑁 [ 1

3𝑁(𝑛−1)
(𝐼1 − 3) − ln

( 𝐼1−3𝑁
3−3𝑁

)
] 𝑛,𝑁, 𝜈

Transversely Isotropic Alastrué et al. 𝑊 = 𝐷1[𝐼1 − 3] + 𝐷2[
√
𝐼4 − 1]2 𝐷1, 𝐷2

Feng et al. 𝑊 = 𝜇

2
[(𝐼1 − 3) + 𝜁(𝐼4 − 1)2 + 𝜑(𝐼5 − 𝐼24)] 𝜇, 𝜁, 𝜑

Bonet-Burton 𝑊 = [𝛽 + 𝛾(𝐼4 − 1)](𝐼4 − 1) − 𝛽

2
(𝐼5 − 1) 𝛽, 𝛾

2.4 Inverse Problem
In this work, the TransitionalMarkovChainMonte Carlo (TMCMC) algorithm is employed for parameter estimation
and model class selection. The objective is to identify which strain energy model best represents the experimental
data obtained from compression tests [16]. The main advantages of this method arise from its Bayesian framework,
using Bayes’ Theorem, allowing the incorporation of prior information about the parameters 𝐏 through the prior
distribution 𝜋(𝐏) [16]. In a Bayesian approach, the method does not provide a single point estimate but rather a
region where the parameters of interest may be located. This region indicates the probability associated with each
point within it, highlighting the most probable points based on the posterior distribution 𝜋(𝐏|𝐘) [14].

𝜋(𝐏|𝐘) =
𝜋(𝐏)𝜋(𝐘|𝐏)

𝜋(𝐘)
(13)

Bayes’ Theorem is described in Eq. (13) where𝐏 is the vector containing the uncertainmodel parameters and𝐘 is the
vector of observed experimental data used in the inversion process (stretch measurements in the compression test).
The TMCMC, proposed by Ching & Chen [16], aims to avoid direct sampling of the posterior distribution. Initially,
independent samples are drawn from a prior distribution. In subsequent steps, the sample distribution is gradually
transformed to approach the posterior distribution. Thus, Bayes’ Theorem is modified as follows:

𝜋𝑗(𝐏|𝐘) ∝ 𝜋(𝐏)𝜋(𝐘|𝐏)𝑝𝑗 𝑗 = 0, 1, ..., 𝑚 0 = 𝑝0 < 𝑝1 < ... < 𝑝𝑚 = 1 (14)

where the index 𝑗 denotes the stage number. It is easy to note that 𝜋0(𝐏|𝐘) is the prior distribution and 𝜋𝑚(𝐏|𝐘) is
the posterior distribution itself. The steps of the TMCMC algorithm are described below [24]:

1. Obtain 𝑆 samples 𝐏0,1, 𝐏0,2, ..., 𝐏0,𝑆 from the prior distribution 𝜋(𝐏) using Monte Carlo simulation. Set 𝑝0 = 0
and repeat steps 2 and 3 for 𝑗 = 0, 1, 2, ....

2. Compute the likelihood distributions 𝜋(𝐘|𝐏𝑗,𝑘) and calculate the importance weights𝑤𝑗,𝑘 = 𝜋(𝐘|𝐏𝑗,𝑘)𝑝𝑗+1−𝑝𝑗
for 𝑘 = {1, 2, ..., 𝑆}. Note that 𝑝𝑗+1 should be chosen such that the COV of the importance weights is equal to
100%. Also compute the normalized weights 𝑤̄𝑗,𝑘.

3. According to the normalized weights 𝑤̄𝑗,𝑘, randomly select candidates from {𝐏𝑗,1, 𝐏𝑗,2, ..., 𝐏𝑗,𝑆}, propose a new
candidate according to the distribution 𝑁

(
𝐏𝑗,𝑘, Σ𝑗

)
, and form the sequence 𝐏𝑗+1,𝑘, again for 𝑘 = {1, 2, ..., 𝑆}.

Σ𝑗 = 𝛿2
𝑆∑

𝑘=1
𝑤̄𝑗,𝑘

⎛
⎜
⎝
𝐏𝑗,𝑘 −

𝑆∑

𝑛=1
𝑤̄𝑗,𝑛𝐏𝑗,𝑛

⎞
⎟
⎠
⋅
⎛
⎜
⎝
𝐏𝑗,𝑘 −

𝑆∑

𝑛=1
𝑤̄𝑗,𝑛𝐏𝑗,𝑛

⎞
⎟
⎠

𝑇

(15)

The covariance matrix Σ𝑗 is described by Eq. (15), where 𝛿 is a tempering parameter. As a byproduct, the method
can estimate the model evidence through the importance weights calculated during the execution of the algorithm
[16].

𝜋(𝑌|ℳ) ≈
𝑚−1∏

𝑗=0

⎛
⎜
⎝

1
𝑆

𝑆∑

𝑘=1
𝑤𝑗,𝑘

⎞
⎟
⎠

(16)
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𝜋(ℳ𝑖|𝐘) =
𝜋(𝐘|ℳ𝑖)𝜋(ℳ𝑖)

∑𝑁𝑚
𝑗=1 𝜋(𝐘|ℳ𝑗)𝜋(ℳ𝑗)

(17)

According to Ching & Wang [24], the model evidence for any model ℳ can be approximated using Eq. (16).
When evaluating more than one model, the probability of each model is given by Eq. (17), where the index 𝑖 denotes
the model of interest and 𝑁𝑚 is the total number of evaluated models.

3 Results and Discussion
This section presents the results of parameter estimation andmodel class selection for two differentmaterial configu-
rations subjected to compression. In Case 1, the mechanical response of a pure silicone specimen is described using
three constitutive models formulated for isotropic materials. In Case 2, the material consists of a silicone rubber
composite reinforced by horizontally oriented cotton fibers, thus requiring constitutive formulations capable of rep-
resenting anisotropic effects. In both cases, model class selection is carried out within a Bayesian framework using
the TMCMC algorithm, which enables the identification of the model that provides the most plausible description
of the experimental data while accounting for both data fit and model complexity.

3.1 Case 1: Pure Silicone
Figure 4 shows the compression stress–stretch curves obtained for the pure silicone specimens, togetherwith the cor-
responding mean response and standard deviation bars. The experimental curves revealing the expected nonlinear
mechanical behavior of the material.

(a) Compression stress–stretch curves. (b) Mean curve with error bars.

Figure 4: Compression stress–stretch curves of the tested samples.

The experimental data employed in the inverse analysis correspond to themean curve shown in Fig. 4b, to which
Gaussian noise with zero mean and standard deviation equal to 0.005MPa was added in order to represent measure-
ment uncertainty. Table 2 summarizes the constitutive models considered in this case, as well as the corresponding
vectors of uncertain parameters to be estimated through the Bayesian inverse problem.

Within the TMCMC framework, a higher posterior probability indicates a model that achieves a more plausible
balance between quality of fit and model complexity. Therefore, when two competing models provide similar agree-
ment with the experimental data, the Bayesian evidence naturally favors the more parsimonious formulation, that
is, the one requiring less information to explain the observations [15].

The estimated parameters for the three isotropic models are listed in Table 3. In general, the coefficients of vari-
ation 𝜎∕𝜂 (where 𝜎 and 𝜂 denote the standard deviation and the mean of the posterior distribution of the parameter,
respectively) are low, indicating relatively concentrated posterior distributions and, consequently, stable parameter
estimates. The only exception is the Ansari-Benam model, whose higher relative dispersion suggests greater diffi-
culty in simultaneously identifying all three uncertain parameters.
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Table 2: Models considered for Case 1.

Model Equation Vector of Uncertain Parameters

Mooney-Rivlin Eq. (7) 𝐏 = {𝑐1, 𝑐2}𝑇
Lopez-Pamies Eq. (8) 𝐏 = {𝜅, 𝜇}𝑇
Ansari-Benam Eq. (9) 𝐏 = {𝑛,𝑁, 𝜇}𝑇

Table 3: Estimation of uncertain parameters for the different considered models.

Model Parameter Mean 𝜎
𝜂 (%)

Mooney-Rivlin 𝑐1 0.04237 0.13
𝑐2 0.02849 0.13

Lopez-Pamies 𝜅 4.43545 0.11
𝜇 0.14918 0.02

Ansari-Benam
𝑛 32.69826 8.1
𝑁 18.43741 13.18
𝜈 0.13960 5.7

Figures 5 and 6 present the model predictions obtained using the posterior mean values of the estimated pa-
rameters, together with the corresponding credible intervals. All three models reproduce the experimental trend
reasonably well over the analyzed stretch range, which indicates that, within this restricted domain, distinct consti-
tutive formulations may lead to similar macroscopic responses.
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Figure 5: Model predictions using the posterior mean estimates for Case 1.

Although all models provide satisfactory fits, some relevant differences emerge from the uncertainty analysis.
The Ansari-Benammodel shows the poorest overall performance, which may indicate practical identifiability issues
associated with the simultaneous estimation of its three parameters. Such behavior may be related to parameter
correlation, low sensitivity of the response with respect to some parameters, or partial redundancy in their roles
within the constitutive formulation. A more detailed sensitivity and identifiability analysis will be conducted in
future work.

The relatively small differences among the fitted curves are likely associatedwith the limited stretch range consid-
ered in the present analysis. In such a situation, parameter estimation alone is not sufficient to discriminate between
competing constitutivemodels, which reinforces the importance of Bayesianmodel class selection. In particular, the
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Figure 6: Model predictions and credible intervals for Case 1.

Mooney-Rivlin model exhibits a wider credible interval than the Lopez-Pamies model, suggesting a higher level of
uncertainty in the inferred parameters and, consequently, a less informative posterior distribution.

The model class selection results are summarized in Table 4. In addition to the logarithm of the evidence, the
table includes the logarithm of the posterior mean likelihood, which reflects the quality of fit to the data, and the
information gain term, which measures the amount of information extracted from the data and acts as a penalty
against unnecessarily complex or weakly identifiable models.

Table 4: Model class selection for Case 1.

Model Data Fitting Information Gain 𝐥𝐧(evidence) Probability (%)
Mooney-Rivlin −26.17 11.95 −38.12 30.36
Lopez-Pamies −𝟐𝟓.𝟒𝟕 𝟏𝟏.𝟖𝟐 −𝟑𝟕.𝟐𝟗 𝟔𝟗.𝟔𝟑
Ansari-Benam −47.93 11.25 −59.18 0

Table 4 confirms that the Mooney-Rivlin and Lopez-Pamies models provide comparable fits to the data, whereas
the Ansari-Benam model is clearly less competitive. However, the Lopez-Pamies model achieves the best compro-
mise between data agreement andmodel plausibility, resulting in the highest evidence and posterior probability. This
result indicates that the Lopez-Pamies formulation is themost plausible constitutive description for the compression
response of the pure silicone specimen within the analyzed experimental range.

Finally, Fig. 7 shows the posterior distributions of the parameters associated with the selected model, namely
the Lopez-Pamies model. The relatively concentrated marginals are consistent with the low coefficients of variation
reported in Table 3, supporting the robustness of the inferred parameter values.
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Figure 7: Posterior distributions of the parameters for the Lopez-Pamies model.
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3.2 Case 2: Composite
This subsection presents the results of parameter estimation and model class selection for the fiber-reinforced com-
posite specimen. In contrast to Case 1, the presence of horizontally oriented cotton fibers introduces anisotropic
effects into the mechanical response, so that purely isotropic constitutive laws are no longer sufficient to properly
describe the observed behavior. For this reason, anisotropic strain energy density models were considered for the
composite response.

Additionally, the Bonet and Burtonmodel considered describes only the anisotropic contribution of thematerial,
making it necessary to combine it with another model capable of properly representing the isotropic part. Based on
the results presented above, the isotropic model that showed the best performance was the Lopez-Pamies model.
Therefore, it will be adopted to represent the isotropic contribution of the material.

Figure 8 presents the compression stress–stretch curves obtained for the composite samples, together with the
corresponding mean response and standard deviation bars. As in the previous case, the experimental curves ex-
hibit the expected nonlinear mechanical behavior of the material, and the observed dispersion remains within an
acceptable range for this type of test.

(a) Compression stress–stretch curves. (b) Mean curve with error bars.

Figure 8: Compression stress–stretch curves of the tested composite samples.

Table 5 summarizes the constitutive models considered for the composite case and their corresponding vectors
of uncertain parameters. The posterior estimates obtained for each model are reported in Table 6.

Table 5: Models considered for Case 2.

Model Equation Vector of Uncertain Parameters

Alastrue et al. Eq. (10) 𝐏 = {𝐷1, 𝐷2}𝑇
Feng et al. Eq. (11) 𝐏 = {𝜇, 𝜉, 𝜑}𝑇
Bonet-Burton Eq. (12) 𝐏 = {𝛽, 𝛾}𝑇

*Estimated parameters by the Lopez-Pamies model.

Figures 9 and 10 compare the predictions of the three models against the experimental data. It can be observed
that all formulations are able to reproduce the overall trend of the composite response with good accuracy, leading
to very similar fitted curves over the analyzed stretch range. This result indicates that, from the perspective of data
fitting alone, the three constitutive models provide a comparable description of the experimental response.

Despite the close agreement in terms of the fitted mean response, the uncertainty associated with each model
is not the same. In particular, the models proposed by Alastrue et al. and Feng et al. exhibit broader credible
intervals, indicating greater uncertainty in the inferred parameters and, consequently, a less concentrated posterior
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Table 6: Estimation of uncertain parameters for the different considered models for Case 2.

Model Parameter Mean 𝜎
𝜂 (%)

Alastrue et al. 𝐷1 0.18206 0.20
𝐷2 0.00835 2.58

Feng et al.
𝜇 0.05822 0.80
𝜉 -0.96158 8.34
𝜑 0.34341 0.12

Bonet-Burton

𝜅* 4.43545 0.11
𝜇* 0.14918 0.02
𝛽 0.00338 0.20
𝛾 0.09674 0.27
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Figure 9: Model predictions using the posterior mean estimates for Case 2.
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Figure 10: Model predictions and credible intervals for Case 2.

description. By contrast, the Bonet–Burtonmodel leads to a more stable inverse solution, with narrower uncertainty
bounds and a more informative posterior distribution.

The model class selection results are summarized in Table 7. In this case, the Bonet–Burton model is identified
as the most plausible constitutive representation for the composite material, with a posterior probability of 93.63%.
Although the three models provide similar fits to the experimental data, the Bonet–Burton formulation yields the
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best compromise between fitting quality and uncertainty quantification, resulting in the most favorable evidence
value.

Table 7: Model class selection for Case 2.

Model Data Fitting Information Gain 𝐥𝐧(evidence) Probability (%)
Feng et al. −31.18 10.35 −41.53 0.07

Bonet-Burton −𝟐𝟒.𝟗𝟎 𝟗.𝟏𝟓 −𝟑𝟒.𝟎𝟓 𝟗𝟑.𝟔𝟑
Alastrue et al. −23.87 12.88 −36.75 6.30

This result is also physically meaningful. In the Bonet–Burton formulation, the isotropic contribution is repre-
sented through a structure consistent with the Lopez–Pamiesmodel, whichwas previously identified in Case 1 as the
most plausible constitutive model for the pure silicone matrix. Therefore, the superior performance of the Bonet–
Burton model in the composite case is coherent with the results obtained for the homogeneous material, since it
combines an isotropic contribution already shown to be appropriate for the matrix with an additional term capable
of accounting for the anisotropic effects introduced by the fiber reinforcement.

From a Bayesian perspective, this interpretation is further supported by the information gain values. Since the
three models achieve relatively close fits, the final model selection is strongly influenced by the uncertainty associ-
ated with parameter inference. The larger uncertainty observed in the Alastrue et al. and Feng et al. models leads to
a less favorable balance between posterior concentration and explanatory capability. As a result, the Bonet–Burton
model presents the lowest information gain among the competing formulations and is therefore selected as the most
plausible model for describing the compression response of the fiber-reinforced composite.

Accordingly, Fig. 11 shows the posterior distributions of the inferred parameters for the selected model, namely
the Bonet–Burton model. These distributions provide additional insight into the uncertainty associated with the
estimated parameters and reinforce the robustness of the model selection result.
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Figure 11: Posterior distributions of the parameters for the Bonet–Burton model.

4 Conclusion
In this work, the TMCMC framework proved to be an effective tool for both parameter estimation and Bayesian
model class selection in the constitutive modeling of materials subjected to compression. In addition to providing
posterior estimates for the uncertain parameters, the method enabled a consistent comparison among competing
strain energy density functions by simultaneously accounting for quality of fit, parameter uncertainty, and model
plausibility.

For the homogeneous material, the Lopez–Pamies model was identified as the most plausible constitutive de-
scription among the isotropic formulations considered. Although the Mooney–Rivlin and Lopez–Pamies models
provided similarly good agreement with the experimental data, the latter achieved the best balance between fit qual-
ity and uncertainty, resulting in the highestmodel evidence. The corresponding posterior distributions and narrower
credible intervals further indicate greater robustness and confidence in the inferred parameters.

For the composite material reinforced by horizontally oriented cotton fibers, the Bayesian model class selection
identified the Bonet–Burton model as the most plausible among the anisotropic formulations considered. Although
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the competingmodels yielded very similar fits to the experimental data, the uncertainty associated with the Alastrue
et al. and Feng et al. models was larger, leading to a less favorable balance between predictive capability and posterior
concentration. As a result, the Bonet–Burton model presented the most favorable evidence and was selected as the
most plausible constitutive representation for the composite response.

This result is also physically consistent with the findings obtained for the pure silicone case. Since the isotropic
contribution of the Bonet–Burton formulation is based on the Lopez–Pamies model, its selection for the composite
material is coherent with the previous identification of Lopez–Pamies as the most suitable model for the silicone
matrix. In this sense, the Bonet–Burton formulation provides a constitutive description that combines an appropriate
representation of the isotropic matrix behavior with an additional contribution capable of capturing the anisotropic
effects introduced by the cotton fiber reinforcement.

Overall, the results demonstrate the potential of TMCMC as a robust and comprehensive framework for consti-
tutive parameter identification and model discrimination. By combining uncertainty quantification, posterior infer-
ence, and evidence-based model comparison, the proposed approach provides a reliable basis for selecting constitu-
tivemodels capable of representing themechanical behavior of both isotropic and anisotropic hyperelasticmaterials.
Future investigations may extend this analysis by incorporating additional loading conditions, broader deformation
ranges, and sensitivity or identifiability studies in order to further assess the predictive capabilities and physical
interpretability of the competing models.
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